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Abstract—The existence of period-doubling bifurcation cascades 
and chaos in DC drives with full-bridge converter is well known. 
This paper reports for the first time the occurrence of co-
existing attractors with a fractal basin of attraction in this 
relatively simple deterministic system. At some parameter 
values the trajectories converge on either a period-1 or a period-
3 attracting set depending on the initial state of the system. The 
attempt to separate the basins of attractions of each attracting 
set revealed the existence of a riddled basin of attraction. This 
phenomenon has practical consequences in that it might render 
future prediction of the system’s steady state behavior almost 
impossible. Using Filippov’s method, we show analytically that 
the co-existing period-3 attractor is born due to a saddle node 
bifurcation that occurs at some critical parameter value, and 
thus it co-exists with the stable period-1 attractor. 
I. INTRODUCTION 
Precisely without exception, all systems in the real world 
are non-linear [1]. Nonlinearity often leads to several 
complexities including the possibility of bifurcations and 
chaos [2]. Another form of complexity arises when two or 
more asymptotically stable equilibrium points or attracting 
sets co-exist as the system parameters are being varied. This is 
usually referred to as co-existing attractors [3] and when this 
occurs, the trajectories of the system selectively converges on 
either of the attracting sets depending on the initial state of the 
system [3], [4]. When co-existing attractors occur in a system, 
engineers and scientists are usually interested in obtaining the 
basins of   attraction of the different attracting sets, defined as 
the set of  initial points whose trajectories converge on the 
given attractor [5]. The boundary separating each basin of 
attraction is often referred to as separatrix and it can be a 
smooth boundary or riddled boundary (having no clear 
demarcation). The geometry of riddled basin boundaries in a 
system is referred to as fractal. The first report on the 
occurrence of co-existing attractors and fractal basin 
boundaries in power electronic system was published by 
Banerjee in 1997 [6]. Since then, there has been no other 
report of the existence of this phenomenon in other power 
electronic based systems. 
In this paper, we report the co-existence of period-1 and 
period-3 attracting sets in a dc drive operating with full-bridge 
converter. Trajectories selectively converge on either of the 
attracting sets depending on the initial condition of the system. 
Further attempts to separate the basins of each attracting set 
revealed the existence of a fractal basin. Using Filippov’s 
method [7], we establish analytically that at some value of the 
supply voltage  the period-3 orbit  comes into existence via a 
saddle node bifurcation and co-exists with the stable period-1 
orbit. 
II. MATHEMATICAL MODEL 
The DC drive with full-bridge converter (Fig.1) is a piece-
wise affine system whose mathematical model is given by 
equations (1)-(4), where i is the armature current, ω is the 
motor speed, L is the armature inductance, R is the armature 
resistance, Ke and Kt are the back emf constant and the torque 
constant respectively, B is the viscous damping factor, g is the 
amplifier (A1) gain, VL and VU are the lower and upper control 
ramp  signal voltages, TL is the load torque, J is the moment of 
inertia, T is the period of the PWM signal and Vin is the supply 
voltage. 
 
Figure1: DC drive with full-bridge converter 
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By defining the state vector X(t)=[x1(t), x2(t)]=[ω(t), i(t)] 
the mathematical model of the DC drive can be expressed in 
standard form as: 
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where f+ and f− are the vector fields before and after the 
switching instance, respectively, given by: 
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To aid analysis, the two vector fields can be expressed as: 
 1)()),(( UBXAX +=− tttf  (6) 
 2)()),(( UBXAX +=+ tttf  (7) 
III. BIFURCATION AND CHAOTIC BEHAVIOR 
As a system parameter such as the supply voltage or the 
gain is varied, the desirable period-1 orbit loses stability and a 
new periodic orbit of double period emerges [7]. Further 
variation of the system parameter leads to several period-
doubling bifurcation cascades and chaos as shown in Fig. 2. 
For (30V < Vin < 38.516V) the only attracting set is the period-
1 attractor, but at Vin=38.516V a period-3 orbit gains stability 
via a saddle node bifurcation and thus co-exists with the stable 
period-1 orbit. Fig.3 shows the two basins of attraction (red 
for period-3 and blue for period-1). It is obvious that there is 
no clear demarcation between the two separate basins, hence 
the fractal phenomenon. 
 
Figure 2: System bifurcation diagram; R=2.8Ω, L=53.7mH, TL=0.38NM, 
Ke=0.1356Vs/rad, kt=0.1324NM/A, B=0.000275N.m.rad.sec, J=0.000557 
N.m.rad.sec2, T=10msec, VL=0, VU=8V and ωref=100rad/sec. 
Figure 3: Basins of attraction for the Period-1 and Period-3 attracting sets. 
 
To confirm the occurrence of the co-existing attractors in 
the region Vin∈[38.516, 50] we simulated the system at 
Vin=40V using two different sets of initial values and the 
results are as shown in Figs.4 and 5. When the initial state is 
i(0)=0, ω(0)=0, the trajectories approached the period-1 
attractor, but when the initial state is i(0)=2A, ω(0)=3rad/sec, 
the trajectories approached the period-3 attractor, as shown.  
Figure 4: Period-1 current and speed waveforms 
Figure 5: Period-3 current and speed waveforms 
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IV. STABILITY ANALYSIS USING THE FILIPPOV METHOD 
Filippov’s method of differential inclusions is currently 
gaining popularity for the stability analysis of non-smooth 
systems or systems with discontinuous right hand side [9]-
[10]. To apply this method, we need to compute the state 
transition matrix of the system over a complete cycle (called 
the monodromy matrix) and obtain its eigenvalues (Floquet 
multipliers). A system is stable if the absolute value of its 
Floquet multipliers fall within the unit circle and unstable 
otherwise. 
A. Analysis of the Period-1 Operating Mode 
To analyze the stability of the period-1 limit cycle of the 
DC drive (Fig. 6) we have to study the system steady state 
behavior for t∈[0,T] where T is the period of the limit cycle. 
The monodromy matrix can be expressed as: 
 )0,(),(),()0,( ΣΣΣΣ ΦΦΦ= ttttTTM  (8) 
where Φ(TA, TB) is the state transition matrix from t=TA to 
t=TB and tΣ is the switching instant and is a function of the 
PWM duty ratio. Φ( tΣ, tΣ) is the state transition matrix across 
the switching manifold and is often referred to as the saltation 
matrix S. The saltation matrix can be expressed as [10]: 
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where h defines the location of the switching manifold, n is 
the normal vector to the hypersurface h, 
−
f  is the abbreviated 
form of  )),((lim ttftt X−↑ Σ  and +f  is the abbreviated form 
of  )),((lim ttftt X+↓ Σ . 
 
Figure 6: The period-1 limit cycle. 
To evaluate the monodromy matrix (8), we need to 
evaluate the duty ratio d of the PWM switching waveform and 
the saltation matrix as detailed in [10]. Table I shows the 
calculated saltation matrices, monodromy matrices and 
Floquet multipliers for different values of the input voltage. 
This shows that the system lost stability at Vin=55V as one of 
the Floquet multipliers has an absolute value greater than 
unity, in agreement with the bifurcation diagram shown in 
Fig. 2.  
TABLE I.  FLOQUET MULTIPLIERS; PERIOD-1 OPERATION 
Vin Saltation Matrix Monodromy Matrix 
Floquet 
Multipliers 
30 V ⎥⎦
⎤⎢⎣
⎡
− 13475.1
01  ⎥⎦
⎤⎢⎣
⎡
−− 4909.12463.1
1542.15868.0  −0.4611 
±0.6149j 
45 V ⎥⎦
⎤⎢⎣
⎡
− 15787.1
01  ⎥⎦
⎤⎢⎣
⎡
−− 4310.13724.1
5199.00858.0  −0.6726 
±0.372j 
50 V ⎥⎦
⎤⎢⎣
⎡
− 16486.1
01  ⎥⎦
⎤⎢⎣
⎡
−−
−
4367.14151.1
3807.00362.0  −0.7365 
±0.2199j 
55 V ⎥⎦
⎤⎢⎣
⎡
− 17140.1
01  ⎥⎦
⎤⎢⎣
⎡
−−
−
4469.14561.1
2609.01458.0  −0.5881 
−1.0046 
 
B. Analysis of the Period-3 Operating Mode 
To perform the stability analysis of the period-3 limit cycle 
(Fig.7) it suffices to study the evolution of the system in 
t∈[0,3T]. To obtain the monodromy matrix and the Floquet 
multipliers we need to obtain the state transition matrix over 
the complete cycle. From Fig. 7, it is obvious that the 
trajectory will cross the switching manifold three times in 
t∈[0,3T]. Thus the overall state transition matrix is given by: 
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where S1, S2 and S3 are the saltation matrices at the three 
switching instants 1Σt , T and 3Σt  respectively. The switching 
instants 1Σt  and 3Σt  depend on the PWM duty ratio which 
varies along the limit cycle ( Tdt 11 =Σ and TdTt 23 2 +=Σ ) 
Hence, to evaluate the monodromy matrix we need to evaluate 
the two duty ratios d1 and d2 as well as the three saltation 
matrices [10]. 
 
Figure 7: The period-3 limit cycle. 
Tables II and III show the calculated saltation matrices, 
monodromy matrices and Floquet multipliers for different 
input voltage values. It can therefore be seen that the period-3 
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orbit suddenly gained stability at Vin=38.516V via a saddle 
node bifurcation and thereafter co-exists with the period-1 
attractor. At Vin=49.8V the period-3 orbit loses its stability (as 
the absolute value of one of the Floquet multipliers falls 
outside the unit circle), in agreement with the bifurcation 
diagram shown in Fig. 2. 
TABLE II.  SALTATION MATRICES; PERIOD-3 OPERATION 
Vin S1 S2 S3 
38.516 
⎥⎦
⎤⎢⎣
⎡
− 16146.1
01  
 
⎥⎦
⎤⎢⎣
⎡
10
01  ⎥⎦
⎤⎢⎣
⎡
− 11585.1
01  
38.6 ⎥⎦
⎤⎢⎣
⎡
− 15951.1
01  ⎥⎦
⎤⎢⎣
⎡
10
01  ⎥⎦
⎤⎢⎣
⎡
− 11593.1
01  
39 V ⎥⎦
⎤⎢⎣
⎡
− 15706.1
01  ⎥⎦
⎤⎢⎣
⎡
10
01  ⎥⎦
⎤⎢⎣
⎡
− 11603.1
01  
40 V ⎥⎦
⎤⎢⎣
⎡
− 15475.1
01  ⎥⎦
⎤⎢⎣
⎡
10
01  ⎥⎦
⎤⎢⎣
⎡
− 11606.1
01  
45 V ⎥⎦
⎤⎢⎣
⎡
− 15249.1
01  ⎥⎦
⎤⎢⎣
⎡
10
01  ⎥⎦
⎤⎢⎣
⎡
− 11539.1
01  
49.5 V ⎥⎦
⎤⎢⎣
⎡
− 15305.1
01  ⎥⎦
⎤⎢⎣
⎡
10
01  ⎥⎦
⎤⎢⎣
⎡
− 11456.1
01  
49.8 V ⎥⎦
⎤⎢⎣
⎡
− 15215.1
01  ⎥⎦
⎤⎢⎣
⎡
10
01  ⎥⎦
⎤⎢⎣
⎡
− 11554.1
01  
TABLE III.  FLOQUET MULTIPLIERS; PERIOD-3 OPERATION 
Vin Monodromy Matrix Floquet Multipliers 
38.516 ⎥⎦
⎤⎢⎣
⎡ −−
3542.22787.3
8936.01569.1  0.2085 
0.9887 
38.6 ⎥⎦
⎤⎢⎣
⎡ −−
2507.22784.3
8982.02167.1  0.2698 
0.7641 
39 V ⎥⎦
⎤⎢⎣
⎡ −−
0793.22878.3
8832.02975.1  0.3909 ± 0.231j 
40 V ⎥⎦
⎤⎢⎣
⎡ −−
8300.13152.3
8281.03874.1  
−0.2213 ± 0.3965j 
45 V ⎥⎦
⎤⎢⎣
⎡ −−
0475.14420.3
5413.05819.1  
−0.2672 ± 0.3671j 
49.5 V ⎥⎦
⎤⎢⎣
⎡ −−
5206.05407.3
3073.06938.1  
−0.9580 
−0.2152 
49.8 V ⎥⎦
⎤⎢⎣
⎡ −−
5180.05738.3
3106.07447.1  
−1.0257 
−0.2010 
 
The co-existence of stable period-1 and period-3 attracting 
sets and fractal basin boundaries in DC drives will have some 
practical implications especially when the drive is used in high 
precision applications such as in medical equipments or 
robotic arms. Under such circumstance the much desired 
period-1 orbit may not be achieved with certainty as we are 
unlikely to maintain absolute control over the initial state of 
the system.  
It is worth noting that co-existing attractors and thus the 
fractal basin may not be observed in a controlled experiment 
where system parameters are smoothly varied. In such 
instances the initial condition for each parameter value is the 
final condition (or state) for the previous parameter and the 
trajectories are thus locked on only one of the attracting sets. 
This explains the absence of co-existing attractors in the 
bifurcation diagram for the dc drive as initially reported [7].  
V. CONCLUSIONS 
In this paper the co-existence of period-1 and period-3 
attracting sets and fractal basin boundaries in dc drives 
employing a full-bridge converter circuit at some values of the 
supply voltage is reported. Using the Filippov method, the 
stability of  both limit cycles was investigated to explain the 
existence of the two attractors. The analysis can be used to 
prevent the occurrence of this phenomenon by designing an 
effective controller capable of extending the parameter range 
for safe period-1 operation and that is the subject of another 
paper being written by the authors. 
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